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. $V(\mathbb{Q})$ $\mathbb{Q}$ 2 3 :
$V(\mathbb{Q})$ $:=\{x(u, v)=au^{3}+bu^{2}v+cuv^{2}+dv^{3}|a, b, c, d\in \mathbb{Q}\}$ .
$V(\mathbb{Q})$ $x=x(u, v)=au^{3}+bu^{2}v+cuv^{2}+dv^{3}$ . $V(\mathbb{Q})$ $\mathbb{Q}^{4}$ ,
$V(\mathbb{Q})\ni x\mapsto(a, b, c, d)\in \mathbb{Q}^{4}$ , $x=(a, b, c, d)$ . $x\in V(\mathbb{Q})$
$P(x):=b^{2}c^{2}+18abcd-4ac^{3}-4b^{3}d-27a^{2}d^{2}$
. $V(\mathbb{Q})$ $G(\mathbb{Q}):=$ GL2 $(\mathbb{Q})$ “twist ” :
$g \cdot x(u, v)=\frac{1}{\det g}\cdot x(pu+rv, qu+sv)$ , $x\in V(\mathbb{Q})$ , $g=(\begin{array}{ll}p qr s\end{array})\in G(\mathbb{Q})$ .
$P(gx)=(\det g)^{2}P(x)$ . $\Gamma:=$ SL2 $(\mathbb{Z})$ . $\Gammaarrow$
$[$OTW$]$ . $V(\mathbb{Q})$ :
$L_{1}:=\{x\in V(\mathbb{Q})|a, b, c;d\in \mathbb{Z}\}=\mathbb{Z}^{4}$ , $L_{1}^{\vee}:=\{x\in V(\mathbb{Q})|a, d\in \mathbb{Z}, b, c\in 3\mathbb{Z}\}$ ,
$L_{2}:=\{(a, b, c, d)\in L_{1}|a+b+d, a+c+d\in 2\mathbb{Z}\}$ ,
$L_{3}:=\{(a, b, c, d)\in L_{1}|a+b+c, b+c+d\in 2\mathbb{Z}\}$ ,
$L_{4}:=\{(a, b, c, d)\in L_{1}|b+c\in 2\mathbb{Z}\}$ ,
$L_{5}:=\{(a, b, c, d)\in L_{1}|a, d, b+c\in 2\mathbb{Z}\}$ ,
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$L_{2}^{\vee}:=L_{1}^{\vee}\cap L_{3}$ , $L_{3}^{\vee}:=L_{1}^{\vee}\cap L_{2}$ , $L_{4}^{\vee}:=L_{1}^{\vee}\cap L_{5}$ , $L_{5}^{\vee}:=L_{1}^{\vee}\cap L_{4}$ .
.
$\mathbb{Q}^{\cross}$ - , $\Gamma$ . $x\in V(\mathbb{Q})$ ,
$\Gamma_{x}=\{\gamma\in\Gamma|\gamma x=x\}$ , $\#\Gamma_{x}$ . 1 3
. , . $x\in L_{i}^{\vee}$ $P(x)$
27 .









, $L_{i}$ $L_{i}^{\vee}$ .
$\xi_{i}(s),$ $\xi_{i}^{\vee}(s)$ .
[SS] , [Sh] . [Sh]
, $s=1,5/6$
, $\xi_{i}(1-s)=\xi_{i}^{\vee}(s)\Lambda I_{i}(s)$ . $M_{i}(s)$
$\Gamma$- . $\Gamma$
, $\Gamma$ $\Gamma(s)^{2}\Gamma(2-1/6)\Gamma(s+1/6)$ ,
. $(s=5/6$ .
. ) $M_{i}(s)$ 2
.
$\xi_{1}(s)$ $\xi_{1}^{\vee}(s)$ [O]
, $[$Nl $]$ .
2 $($ $[$O$]$ , $[$Nl$])$
$\xi_{1}^{\vee}(s)=\xi_{1}(s)A$ , $A=(\begin{array}{ll}0 31 0\end{array})$ .
, . ,
$\xi_{i}(1-s)=\xi_{i}^{\vee}(s)M_{i}(s)$
. , $2\leq i\leq 5$ .
224
3( - [OTW], [OT]) (1) $i=2,3$







$\theta^{\vee}(s)=2^{-2s}\theta(s)A$ , $\eta^{\vee}(s)=2^{2s}\eta(s)A$ .
$SL_{2}(Z)$- ,







$\Lambda_{i,\pm}(s):=2^{a_{i^{3}}}\gamma\pm(s)(\sqrt{3}\xi_{i,1}(s)\pm\xi_{i,2}(s))$ , $i=1,2,3$ ,
$\Theta_{\pm}(s):=2^{s}\gamma_{\pm}(s)(\sqrt{3}\theta_{1}(s)\pm\theta_{2}(s))$ ,
$H_{\pm}(s):=2^{3s},)’\pm(s)(\sqrt{3}\eta_{1}(s)\pm\eta_{2}(s))$ .
$a_{1}=0,$ $a_{2}=a_{3}=2$ , $\theta(s)=(\theta_{1}(s), \theta_{2}(s)),$ $\eta(s)=(\eta_{1}(s), \eta_{2}(s))$ .
2, 3 , .
4( )
$\Lambda_{i,\pm}(s)=\Lambda_{i,\pm}(1-s)$ , $(i=1,2_{\dagger}3)$ ,
$\Theta_{\pm}(s)=\Theta_{\pm}(1-s)$ , $H_{\pm}(s)=H_{\pm}(1-s)$ .
, $SL_{2}(Z)$- ,
.
, 2 , [Sh]




. , , Don Zagier ,
Manjul Bhargava . , C$++$
.
2
[Sh] . [Sh] $i=1$
, $1\leq i\leq 5$ , .
5(1) $\xi_{i,j}(s)f\xi_{i,j}^{\vee}(s)$ $s=1,5/6$ ,
. , .
$\xi_{i}(1-s)=2^{2a_{i}s}[L_{1}:L_{i}]^{-1}\xi_{i}^{\vee}(s)M(s)$ ,
$a_{1}=0,$ $a_{2}=a_{3}=a_{4}=a_{5}=1$ , $M(s)$ 2 $\cross 2$ .
$M(s):= \frac{3^{3s-2}}{2\pi^{4s}}\Gamma(s)^{2}\Gamma(s-\frac{1}{6})\Gamma(s+\frac{1}{6})(\begin{array}{ll}si_{I1}2\pi s 3sin\pi s\cdotsin\pi s s^{\backslash }in2\pi s\end{array})$ .
(2) $\alpha,$ $\beta$
$\alpha:=\frac{\pi^{2}}{9}$ , $\beta:=\frac{3^{1/2}(2\pi)^{1/3}}{18}\zeta(\frac{2}{3})\Gamma(\frac{1}{3})\Gamma(\frac{2}{3})^{-1}$ ,
,





$Z( \Phi_{\infty}, L_{i}, s)=\int_{G(\mathbb{R})/G(\mathbb{Z})}|\det g|^{s}\sum_{x\in L_{i},P(x)\neq 0}\Phi_{\infty}(gx)dg$
. $\Phi_{\infty}$ $V(\mathbb{R})$ , $dg$ $G(\mathbb{R})$ . Archi-
median $\Gamma(\Phi_{\infty}, s)$
$\Gamma(\Phi_{\infty}, s):=(^{\int_{\int_{x\in V(\mathbb{R}),P(x)<0}}}x\in V(\mathbb{R}),P(x)>0|\begin{array}{l}P(x)P(x)\end{array}|s_{\Phi_{\infty}(x)dx})$
. $dx$ $V(\mathbb{R})\cong \mathbb{R}^{4}$ Lebesgue . “unfolding”
( $dg$ ) $\xi_{i}(s)$ .
$Z(\Phi_{\infty}, L_{i}, s)=\xi_{i}(s)\Gamma(\Phi_{\infty}, s)$
, $\xi_{i}(s)$ $Z(\Phi_{\infty}, L_{i}, s)$ $\Gamma(\Phi_{\infty}, s)$ . $Z(L_{i}, s)$
, ( Poisson )
$Z(\Phi_{\infty}, L_{i}, 1-s)=[L_{1};L_{i}]^{-1}2^{2a_{i^{S}}}Z(\hat{\Phi}_{\infty}, L_{i}^{\vee}, s)$
. , $\Gamma(s)$ , ,
$\Gamma(\Phi_{\infty}, 1-s)=M(s)\Gamma(\hat{\Phi}_{\infty}, s)$
. $\xi_{i},$ $\xi_{i}^{\vee}$ . $Z(\Phi, s)$
, . [Sh] .
$i$ $\xi_{i}(s),$ $\xi_{i}^{\vee}(s)$ ,
. Wright [W] .
. A $\mathbb{Q}$ .
$Z^{*}( \Phi, s):=\int_{G(A)/G(\mathbb{Q})}|\det g|_{A}^{2s}\sum_{x\in V(\mathbb{Q}),P(x)\neq 0}\Phi(gx)dg$
$\Phi$ $V(A)$ Schwartz-Bruhat . A$f=\hat{\mathbb{Z}}\otimes \mathbb{Q}$ $\mathbb{Q}$
, $V(Af)$ Schwartz-Bruhat $\Phi_{f,i}$ $L_{i}\otimes\hat{\mathbb{Z}}$ . ,
( $G(A)=G(\mathbb{R})\cross G(A_{f})$ , $G(A_{f})$
$G(\hat{\mathbb{Z}})$ 1 $G(\mathbb{R})$ )
$Z^{*}(\Phi_{\infty}\otimes\Phi_{f_{t}i}, s)=Z(\Phi_{\infty}, L_{i}, s)$
. $Z^{*}(\Phi, s)$ $Z(\Phi_{\infty}, L_{i}, s)$ .
, $L_{i}$
,




3 2 . $l,$ $N\in \mathbb{Z}$
$L_{1}^{\equiv l(N)}.=\{x\in L_{1}|P(x)\equiv l(N)\}$ , $(L_{1}^{\vee})^{\cong l(N)}:=\{x\in L_{1}^{\vee}|P(x)/27\equiv l(N)\}$ .
. $i=2,3$ $L_{i},$ $L_{i}^{\vee}$ .
6 ([OTW] Propositions 3.5, 3.7)
$L_{2}=2L_{1}\coprod L_{1}^{\equiv 5(8)}$ ,
$L_{2}^{\vee}=2L_{1}^{\vee}\coprod(L_{1}^{\vee})^{\cong 3(8)}$ ,
$L_{3}=2L_{1}\coprod L_{1}^{\equiv 1(8)}$ ,
$L_{3}^{\vee}=2L_{1}^{\vee}\coprod(L_{1}^{\vee})^{\cong 7(8)}$ .
, $i=2,3$ $\xi_{i}(s)$ $\xi_{1}$
$\xi_{1,j}^{\equiv l(N)}(s)=(-1)^{j-1}P(x)>0\sum_{x\in\Gamma\backslash L_{1}^{\equiv l(N)}}\frac{(\# G_{\mathbb{Z},x}^{1})^{-1}}{|P(x)|^{s}}$
, $\xi_{1}^{\equiv l(N)}(s)=(\xi_{1,1}^{\equiv l(N)}(s), \xi_{1,2}^{\equiv l(N)}(s))$.
, $\xi_{2}(s)=2^{-4s}\xi_{1}(s)+\xi_{1}^{\equiv 5(8)}(s)$ . $\xi_{i}^{\vee}(s)$
. 2 $\xi_{1}(s)=\xi_{1}^{\vee}(s)A$ $\xi_{1}^{v\cong l(N)}(s)=\xi_{1}^{\equiv-l(N)}(s)A$
. $lmod N$ $lmod N$ , $A$
. 6
$\xi_{2}^{\vee}(s)=2^{-4s}\xi_{1}^{\vee}(s)+\xi_{1}^{\vee\cong 3(8)}(s)=2^{-4s}\xi_{1}(s)A+\xi_{1}^{\equiv 5(8)}(s)A=\xi_{2}(s)A$ ,
$\xi_{3}^{\vee}(s)=2^{-4s}\xi_{1}^{\vee}(s)+\xi_{1}^{\vee\cong 7(8)}(s)=2^{-4s}\xi_{1}(s)A+\xi_{1}^{\equiv 1(8)}(s)A=\xi_{3}(s)A$ .
, 3(1) 2 . 6 , $P(x)$
$a,$ $b,$ $c,$ $d$ .
$i=4,5$ $L_{i}$ $L_{1}^{\equiv l(N)}$ ,
, . . , $\xi_{i}(s)$ $\xi_{1}^{\equiv l(N)}(s)$
$s$ $\xi_{i},$
$\xi_{1}^{\equiv l(N)}$ .
7 ([OTl Theorem 3.8)







,$mod 2\}$ ,$\Gamma(2)=\{(\begin{array}{ll}p qr s\end{array})\in SL_{2}(\mathbb{Z})$ $(\begin{array}{ll}p qr s\end{array})\equiv(\begin{array}{ll}1 00 1\end{array})$
. [OT] . 7 ,
2 3(2) .
, 5(1) , 2, 3
. ,
$\gamma(s)=(\begin{array}{ll}\gamma+(s) 00 \gamma_{-}(s)\end{array})$ , $T=(\begin{array}{ll}\sqrt{3} \sqrt{3}1 -1\end{array})$
, $M(s)\cdot T\cdot\gamma(1-s)=A^{-1}\cdot T\cdot\gamma(s)$ . $M(s)$ {5 $F$ Datskovsky-
Wright [DW] . $i=1$ $\xi_{1}(1-s)\cdot T\cdot\gamma(1-s)=\xi_{1}(s)\cdot T\cdot\gamma(s)$
. $\Lambda_{1,\pm}(1-s)=\Lambda_{1,\pm}(s)$ . .
4
, [Nl] . ,
$\xi_{1}(s)$ $\xi_{1}^{\vee}(s)$ , .
, . $\Gamma\backslash L_{1}$ , Delone-Faddeev
$\mathbb{Z}$ 3 . $\mathbb{Z}$ 3
, , $\mathbb{Z}$ 3 .
3 . , $\Gamma\backslash L_{1}^{\vee}$ , Hessian




, 2 3 Sym$3\mathbb{Q}2$
. , 3 2
$G(\mathbb{Q})=GL_{3}(\mathbb{Q})\cross GL_{2}(\mathbb{Q})$ , $V(\mathbb{Q})=Sym^{2}\mathbb{Q}^{3}\otimes \mathbb{Q}^{2}$
. 4 , , $G(\mathbb{Z})\backslash V(\mathbb{Z})$ 4
, $G(\mathbb{Z})\backslash V(\mathbb{Z})^{\vee}$ 3 2-torsion .
Wright- [WY] , Bhargava
(Higher Composition Laws) . 3 2
, [B] . $G(\mathbb{Z})\backslash V(\mathbb{Z})$ , [N3]
.
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